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Abstract: We study the classical current algebra for principal chiral model defined on
two dimensional world-sheet with general metric. We develop the Hamiltonian formalism
and determine the form of the Poisson brackets between currents. Then we determine the
Poisson bracket for Lax connection and we show that this Possion bracket does not depend
on the world-sheet metric. We also study the Nambu-Gotto form of this model. We prove
an existence of the Lax connection and determine their Poisson bracket.
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1. Introduction
The discovery of the integrability of the classical string sigma model on AdS5×S5 was one
of the great achievements in the last few years [1] 1. More precisely, the authors [1] found a
Lax formulation of the equations of motion that leads to the existence of an infinite tower of
conserved charges in the classical world-sheet theory. Using these charges it was possible to
construct and classify large families of exact solutions of the classical equations of motion.
However as was recently stressed in a very nice paper [4] this fact does not quite coincide
with the standard definition of integrability. Integrability in the standard sense requires
not only the existence of a tower of conserved charges but also requires that these charges
be in involution. In other words the conserved charges should Poisson commute with each
other. The knowledge of the Poisson brackets is necessary for constructing the action-angle
variables for the system that plays an important role in semi-classical quantisation. The
careful analysis presented in [4] explicitly demonstrated that for classical string moving on
R × S3 submanifold of AdS5 × S5 that the Poisson brackets of conserved charges are in
involution.
However it should be stressed that even if the bosonic string on AdS5 × S5 admits
Lax formulation, there is a well known problem in determining the Poisson brackets of
conserved charges. The problem is due to the presence of Non-Ultra Local terms in the
Poisson brackets of the world-sheet fields that lead to the ambiguities in brackets for the
charges. Some proposals for resolution of this issue were recently discussed in [13, 4]. For
example, it was shown in [4] that there exists the resolution of this problem using the
prescription of for regularising of the the problematic brackets that was introduced in the
earlier work by Maillet [26, 27]. Explicitly, it was demonstrated in [4] that the application
1For some works considering integrability of sigma model on AdS5 ×S
5, see [2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21]
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of this procedure for the bosonic string in the conformal gauge moving on an R × S3
submanifold of the full AdS5 × S5 leads to the natural symplectic structure on the space
of finite-gap solutions of the equations of motion that were constructed in [28].
As the next step it is natural to ask the question whether the principal chiral model
is integrable on the world-sheet with general metric. An importance of the fact that one
can define the Lax connection on the world-sheet with general metric was stressed in
[14]. On the other hand the form of the current algebra for general metric is not known.
Consequently it is also not known the form of the Poisson bracket of the Lax connection
and hence it is not completely clear whether one can define infinite number of conserved
charges that are in involution on the general world-sheet as well.
The goal of this paper is to answer these questions. We explicitly calculate the Poisson
bracket of the principal chiral model on the world-sheet with general two dimensional
metric. Even if the resulting Poisson bracket are complicated we will see that the Poisson
bracket of the Lax connection does not depend on the metric at all and takes precisely
the same form as was recently reviewed in [4]. According to the arguments given there it
follows that the principal chiral model defined on the world-sheet with the general metric
possesses again infinite number or conserved charges that are in involution.
It is important to stress that this result holds for the principal chiral model where
the gauge symmetries are not fixed at all. The situation becomes more involved in case
when the gauge fixing functions depend on the phase space variables. An example of such
a more complicated gauge is uniform light cone [29, 30] 2. The consistency of this gauge
fixing implies that the Lagrange multipliers are completely fixed, the Virasoro constraints
together with the gauge fixing conditions become the second class constraints and finally
the original Hamiltonian strongly vanishes. In order to appropriate study this theory we
should identify the Hamiltonian on the reduced phase space and also determine the Dirac
brackets for the phase space variables. We leave the study of integrability and the current
algebra for this gauge fixing theories for future.
We also discuss the Nambu-Gotto form of the principal chiral model. We demonstrate
that it is again integrable and we will calculate the algebra of the currents. We also
calculate the Poisson bracket of the Lax connection and we show that it takes the same
form as in the paper [4]. This result again demonstrates an integrability of this form of
the principal chiral model.
The organisation of the paper is as follows. In the next section (2) we introduce the
basic notation of the principal chiral model defined on two dimensional world-sheet with
general metric. In section (3) we calculate the algebra of currents. We also calculate the
Poisson bracket of spatial component of the Lax connection. In section (4) we perform the
Hamiltonian analysis of the Nambu-Gotto form of the principal chiral model. We show
that this model is again integrable and we determine the algebra of current and also the
Poisson bracket of the Lax connection for this model. In conclusion (5) we outline our
results and suggest further directions of research.
2For recent discussion of this gauge, see for example [31, 32].
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2. Hamiltonian formalism for principal chiral model
In this section we introduce the Hamiltonian formalism for the principal chiral model
defined on two-dimensional world-sheet with general metric γ. The action for this model
takes the form
S = −
√
λ
4π
∫
dτdσ
√−γγαβJAα JBβ KAB =
= −
√
λ
4π
∫
dτdσ
√−γγαβEAM∂αxMEBN∂βxNKAB =
= −
√
λ
4π
∫
dτdσ
√−γγαβGMN∂αxM∂βxN .
(2.1)
Here
√
λ
2pi is the effective string tension. Coordinates σ and τ parametrise the string world-
sheet. We assume the range of σ to be −π ≤ σ ≤ π. The current JAα is defined through
the group element g that belongs to the group G as
Jα = g
−1∂αg ≡ JAα TA , (2.2)
where TA form the basis of the algebra g that obey the relations
Tr(TATB) = KAB , [TA, TB ] = f
C
ABTC , (2.3)
where KAB is invertible matrix and where f
C
AB = −fCBA are structure constants of the
algebra g. The indices A,B label components of the basis TA. If we parametrise the group
element with the fields xM we can write the current JAα as
JAα = E
A
M∂αx
M . (2.4)
Finally we have introduced the metric
GMN = E
A
MKABE
B
N (2.5)
defined on some target manifold labelled with coordinates xM . In this interpretation EAM
are vielbeins of the target manifold [33].
We now develop the Hamiltonian formalism for this principal chiral model, where we
consider xM and corresponding momenta pM as canonical variables. There also exists an
alternative form of the Hamiltonian formalism based on presumption that the current JAσ
is the dynamical variable [22] (For some recent works, see for example [13, 25, 2]). It can
be shown that these two approaches give equivalent result.
The conjugate momenta to xM are equal to
pM = −
√
λ
2π
√−γγταEAMKABJBα (2.6)
and together with xM obey the canonical Poisson brackets{
xM (σ), pN (σ
′)
}
= δMN δ(σ − σ′) . (2.7)
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Then the Hamiltonian takes the form
H0 =
∫ 2pi
0
dσH0 =
∫ 2pi
0
dσ[∂τx
MpM − L] =
=
∫ 2pi
0
dσ
[
− 1√−γγττ
(
π√
λ
GMNpMpN +
√
λ
4π
GMN∂σx
M∂σx
N
)
− γ
τσ
γττ
pM∂σx
M
]
.
(2.8)
Note that the action is invariant under Weyl transformation
γ′αβ(σ, τ) = e
φ(σ,τ)γαβ(σ, τ) . (2.9)
In what follows we use following parametrisation of the metric variables γαβ
λ± =
√−γ ± γτσ
γσσ
, ξ = ln γσσ , (2.10)
where λ± are manifestly invariant under (2.9) while ξ transforms as ξ′(σ, τ) = ξ(σ, τ) +
φ(σ, τ). Then the Hamiltonian density H0 is equal to
H0 = λ
+ + λ−
2
T0 +
λ+ − λ−
2
T1 = λ
+T+ + λ
−T− ,
T+ =
1
2
(T0 + T1) , T− =
1
2
(T0 − T1) ,
(2.11)
where
T1 ≡ pM∂σxM ,
T0 ≡ π√
λ
pMG
MNpN +
√
λ
4π
∂σx
MGMN∂σx
N .
(2.12)
Since the action (2.1) does not contain time-derivative of γαβ it follows that the momenta
conjugate to λ±, ξ are zero:
π± =
δS
δ∂τλ±
= 0 , πξ =
δS
δ∂τ ξ
= 0 . (2.13)
These conditions are primary constraints of the theory. According to the general theory of
the constraint systems [34, 35, 36] the primary constraints should be preserved during the
time evolution of the system
π˙± = {π±,H0} = T± ≈ 0 . (2.14)
Then the consistency of the theory implies two secondary constraints
T+ = T− = 0 . (2.15)
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Now we have to calculate the Poisson brackets between constraints T1(σ), T0(σ
′) and also
between pN , x
M and T0, T1.{
pN (σ), T1(σ
′)
}
= −pN(σ′)∂σ′δ(σ − σ′){
pN (σ), T0(σ
′)
}
= − π√
λ
pK(σ
′)∂NGKLpL(σ′)δ(σ − σ′)−
−
√
λ
2π
∂σ′δ(σ − σ′)GNK(σ′)∂σ′xK(σ′)−
−
√
λ
4π
∂σ′x
K(σ′)∂NGKL∂σ′xL(σ′)δ(σ − σ′) ,{
xN (σ), T1(σ
′)
}
= ∂σ′x
N (σ′)δ(σ − σ′) ,{
xN (σ), T0(σ
′)
}
=
2π√
λ
GNLpL(σ
′)δ(σ − σ′) .
(2.16)
Then it is easy to determine Poisson brackets between T1, T0{
T1(σ), T1(σ
′)
}
= ∂σT1(σ)δ(σ − σ′) + 2T1(σ)∂σδ(σ − σ′) ,{
T1(σ), T0(σ
′)
}
= ∂σT0(σ)δ(σ − σ′) + 2T0(σ)∂σδ(σ − σ′) ,{
T0(σ), T0(σ
′)
}
= ∂σT1(σ)δ(σ − σ′) + 2T1(σ)∂σδ(σ − σ′) .
(2.17)
Using these Poisson brackets we finally get{
T+(σ), T+(σ
′)
}
= ∂σT+(σ)δ(σ − σ′) + 2T+(σ)∂σδ(σ − σ′) ,{
T−(σ), T−(σ′)
}
= −∂σT−(σ)δ(σ − σ′)− 2T−(σ)∂σδ(σ − σ′) ,{
T+(σ), T−(σ′)
}
= 0 .
(2.18)
These results imply that the constraints T0, T1 do not generate any additional ones. We
denote all constraints as Φα, where α = (λ
±, ξ,±) label the first class constraints πλ± =
πξ = 0 and T± = 0. We introduce the Lagrange multipliers ρα. Then the generalised
Hamiltonian density takes the form
HT = H0 + ρα(p, x)Φα , (2.19)
where in principle ρα depend on the phase space variables pM , x
M , πλ±, λ
±, πξ, ξ. Then
(2.19) implies that the equation of motion for any F defined on the phase space takes the
form
dF
dτ
= ∂τF + {F,HT } =
= ∂τF + {F,H0}+
∫
dσ (ρα(σ) {F,Φα(σ)} + {F, ρα(σ)}Φα(σ)) ≈
≈ ∂τF + {F,H0}+
∫
dσρα(σ) {F,Φα(σ)} ,
(2.20)
where ≈ means that this equation holds on the constraint surface Φα ≈ 0.
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3. Current algebra
In this section we will calculate the current algebra of the principal chiral model defined
on the world-sheet with general metric. Recall that these currents are defined as
JAα = E
A
M∂αx
M . (3.1)
In order to calculate the current algebra we have to express these currents using the canon-
ical variables xM , pM . Namely we have to find the dependence ∂τx
M on pM , x
M . Using
the Hamiltonian (2.19) we find the time derivative of xM as
∂τx
M (σ) =
{
xM (σ),HT
}
=
(λ+ + λ− + ρ+ + ρ−)
2
2π√
λ
GMNpN +
λ+ − λ− + ρ+ − ρ−
2
∂σx
M =
=
(√−γ
γσσ
+ ρ0
)
2π√
λ
GMNpN +
(
γτσ
γσσ
+ ρ1
)
∂σx
M
(3.2)
and hence
JAτ =
2π√
λ
(− 1√−γγττ + ρ
0)KABEMB pM + (−
γτσ
γττ
+ ρ1)EAM∂σx
M , (3.3)
where
EMB E
C
M = δ
C
B , E
B
ME
N
B = δ
N
M . (3.4)
Our goal is to calculate the algebra of currents defined above. To do this we have to make
presumptions about the dependence of the Lagrange multipliers ρ± on the phase space
variables. Since we work in the theory where the gauge symmetry is not fixed it is natural
to presume that the Lagrange multipliers ρ± depend on σ, τ only [36]: ρ± = ρ(t, σ). Then
it turns out that it is useful to define
− 1√−γ˜γ˜ττ = −
1√−γγττ + ρ
0 , − γ˜
τσ
γ˜ττ
= −γ
τσ
γττ
+ ρ1 (3.5)
so that we can write
JAτ = −
2π√
λ
1√−γ˜γ˜ττK
ABEMB pM −
γ˜τσ
γ˜ττ
EAM∂σx
M . (3.6)
In the same way we also get
HT = − 1√−γ˜γ˜ττ T0 −
γ˜τσ
γ˜ττ
T1 + ρ
+
λ π
λ
+ + ρ
−
λ π
λ
− + ρ
ξλ− . (3.7)
Then the generalised action takes the form
S =
∫
dσdτ [∂τx
MpM + ∂τλ
+π+ + ∂τλ
−π− + ∂τ ξπξ −HT ] =
= −
√
λ
4π
∫
dσdτ
√
−γ˜γ˜αβJAα JBβ KAB +
+
∫
dσdτ(∂τλ
+πλ+ + ∂τλ
−πλ− + ∂τλ
ξπξ − ρ+λ πλ+ − ρ−λ πλ− − ρξπξ) .
(3.8)
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Then from (3.8) we determine the equations of motion for current Jα in the form
∂α[
√
−γ˜γ˜αβJAβ ] = 0 . (3.9)
Let us now introduce the Lax connection for given principal model. We define its compo-
nents as
Jˆα(Λ) =
1
1− Λ2 (Jα − Λγ˜αβǫ
βγJγ) , (3.10)
where
ǫαβ =
eαβ√−γ˜ , e
αβ = −eβα , e01 = 1 (3.11)
and where Λ is a spectral parameter. Note that the Lax connection depends on γ˜ that is
combination of the world-sheet metric γ and the gauge parameters ρ±. Then using the
equations of motion (3.9) and also using the fact that JAα obey the flatness condition
∂αJ
A
β − ∂βJAα + JBα JCβ fABC = 0 (3.12)
that follows from the definition of the currents JAα given in (2.2) we can show that Jˆ is flat
∂αJˆ
A
β − ∂β JˆAα + JˆBα JˆCβ fABC = 0 . (3.13)
Now we are going to calculate the Poisson brackets between currents Jα. Firstly, it is
clear that {
JAσ (σ), J
B
σ (σ
′)
}
= 0 . (3.14)
On the other hand explicit calculation gives
{
JAτ (σ), J
B
σ (σ
′)
}
=
= − 2π√
λ
1√−γ˜γ˜ττ (σ)K
AB∂σδ(σ − σ′)− 2π√
λ
1√−γ˜γ˜ττ (σ)K
ACEMC (σ)∂NE
B
M (σ)∂σx
N (σ)δ(σ − σ′) +
+
2π√
λ
1√−γ˜γ˜ττ (σ)K
ACEMC (σ)∂ME
B
N (σ)∂σx
N (σ)δ(σ − σ′) =
= − 2π√
λ
1√−γ˜γ˜ττ (σ)K
AB∂σδ(σ − σ′)− 2π√
λ
1√−γ˜γ˜ττ (σ)J
C
σ f
A
CDK
DBδ(σ − σ′) ,
(3.15)
where we have used
f(σ′)∂σδ(σ − σ′) = f(σ)∂σδ(σ − σ′) + ∂σf(σ)δ(σ − σ′) (3.16)
and also the flatness condition of the current JAα (3.12) that implies
∂NE
A
M − ∂MEAN +EBNECMfABC = 0 .
(3.17)
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For letter purposes we also determine the Poisson brackets between Jτ and pM , x
M
{
JAτ (σ), pM (σ
′)
}
= − 2π√
λ
1√−γ˜γ˜ττ (σ)K
AB∂ME
N
B pN (σ)−
− γ˜
τσ(σ)
γ˜ττ (σ)
∂ME
A
N∂σx
Nδ(σ − σ′)− EAM
γ˜τσ(σ)
γ˜ττ (σ)
∂σδ(σ − σ′) ,{
JAσ (σ), pM (σ
′)
}
= ∂ME
N
N ∂σx
N (σ)δ(σ − σ′) + EAM∂σδ(σ − σ′)
(3.18)
and {
JAτ (σ), x
M (σ′)
}
=
2π√
λ
1√−γ˜γ˜ττ (σ)K
ABEMB δ(σ − σ′) . (3.19)
Then we obtain
{
JAτ (σ), J
B
τ (σ
′)
}
= − 2π√
λ
{
JAτ (σ), E
M
D (σ
′)
}
KBDpM(σ
′)
1√−γ˜γ˜ττ (σ′) −
− {JAτ (σ), JBσ (σ′)} γ˜τσ(σ′)γ˜ττ (σ′) − 2π√λ
{
JAτ (σ), pM (σ
′)
}
KBDEMD (σ
′)
1√−γ˜γ˜ττ (σ′) =
= − 2π√
λ
1√−γ˜(σ)γ˜ττ (σ)J
C
τ (σ)f
A
CDK
DBδ(σ − σ′) +
+
2π√
λ
γ˜τσ(σ)√−γ˜(σ)γ˜ττ (σ)J
C
σ (σ)f
A
CDK
DBδ(σ − σ′) +
+
2π√
λ
[
1√−γ˜(σ)γ˜ττ (σ)
γ˜στ (σ′)
γ˜ττ (σ′)
+
1√−γ˜(σ′)γ˜ττ (σ′)
γ˜τσ(σ)
γ˜ττ (σ)
]KAB∂σδ(σ − σ′)
(3.20)
using
∂ME
N
A = −EPA∂MEBP ENB ,
EMC ∂ME
N
D − EMD ∂MENC = fACDENA .
(3.21)
With the help of the Poisson brackets (3.15) and (3.20) we can determine the Poisson
bracket between the spatial components of the Lax connection for two different spectral
parameters Λ,Γ{
JˆAσ (σ,Λ), Jˆ
B
σ (σ
′,Γ)
}
=
= − 2π√
λ
KAB(Γ + Λ)
(1− Λ2)(1 − Γ2)∂σδ(σ − σ
′)− 2π√
λ
(Λ + Γ)
(1− Λ2)(1− Γ2)J
C
σ (σ)f
A
CDK
DBδ(σ − σ′)−
− 2π√
λ
ΛΓ
(1− Λ2)(1− Γ2) (
√
−γ˜γ˜ττJCτ +
√
−γ˜γ˜τσJCσ )(σ)fACDKDBδ(σ − σ′) .
(3.22)
The expression above can be rewritten into the form that on the right side contains the
combinations of the spatial components of the Lax connection and term that is proportional
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to the non-ultra-local term ∂σδ(σ − σ′)
√
λ
2π
{
JˆAσ (σ,Λ), Jˆ
B
σ (σ
′,Γ)
}
= − K
AB(Γ + Λ)
(1− Λ2)(1− Γ2)∂σδ(σ − σ
′)−
− Γ
2
(1− Γ2)(Λ− Γ) Jˆ
C
σ (Λ)f
A
CDK
DBδ(σ − σ′)− Λ
2
(1− Λ2)(Λ− Γ) Jˆ
C
σ (Γ)f
A
CDK
DBδ(σ − σ′) .
(3.23)
This result has precisely the same form (if we use the tensor notation) as the Poisson bracket
given in [4]. Since (3.23) does not explicitly depend on the world-sheet metric γαβ and the
gauge parameters ρ± we obtain that the Poisson bracket between spatial components of
the Lax connections is gauge invariant. This result has important consequence for the
integrability of the theory. Recall that the monodromy matrix is defined as [22, 23, 24, 26,
27]
T (l,Λ) = P exp
(∫
l
Jˆα(Λ)
dxα
dξ
)
, (3.24)
where l = (xα(ξ) ≡ (τ ′(ξ), σ′(ξ))) is a curve on two dimensional cylinder, Jˆα dxαdξ is an
embedding of the Lax connection with spectral parameter Λ on the curve l and ξ is a
parameter that labels points on given curve. Finally P in (3.24) means path ordering. We
will calculate the Poisson bracket of the monodromy matrices that are defined at equal
time τ . In this case the curve l is defined as
l = (σ′ = ξ, ξ ∈ (x1, y1)) .
(3.25)
Then for the curve (3.25) the monodromy matrix T takes the form
T (Λ, x1, y1) = P exp
(∫ y1
x1
dσ′Jˆσ(τ, σ′)
)
. (3.26)
As was shown in [22, 23, 24, 26, 27] the Poisson brackets between elements of the mon-
odromy matrices T (Λ, x1, y1) and T (Γ, x2, y2) are equal to
{Tαβ(x1, y1,Λ),Tγδ(x2, y2,Γ)} =
∫ y1
x1
dσ
∫ y2
x2
dσ′Tαω1(x1, σ,Λ)Tω2β(σ, y1,Λ)×
×
{
Jˆω1ω2(σ,Λ), Jˆρ1ρ2(σ
′,Γ)
}
Tγρ1(x2, σ′,Γ)Tρ2δ(σ′, y′2,Γ) ,
(3.27)
where α, β, . . . label the matrix indices of T . The form of the Poisson bracket above shows a
significance of the Poisson bracket (3.23) for the calculation of the Poisson brackets between
transition matrices and then between the Poisson brackets of the conserved local charges.
Recall that these local conserved charges arise from the expansion of the trace of the
monodromy matrix with respect to the corresponding spectral parameter [4]. Then since
(3.23) is gauge invariant and metric independent and takes completely the same form as in
[4] we immediately obtain that we can find an infinite number of local conserved charges
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that are in involution even on the string world-sheet with general metric. Of course all
these results depend on the presumption that the Lagrange multipliers ρ± do not depend
on the phase space variables. In fact this is natural presumption in case when we do not fix
the gauge since the gauge symmetries imply the appearance of arbitrary functions in the
general solutions of the equations of motion. On the other hand if we fix the gauge then
Lagrange multipliers can depend on the phase space variables. Let us discuss this issue in
more detail.
3.1 Comments on the gauge fixing
We now present some comments considering the gauge fixing for the principal chiral model
defined on world-sheet with general metric. Recall that there are five first class constraints
defined above the equation (2.19)
Φα ≈ 0 . (3.28)
Fixing these constrains is achieved by introducing additional constraints [34, 35, 36]
Gα(σ) ≈ 0 (3.29)
that have nonzero Poisson bracket with Φα on the constraint surface{
Gα(σ),Φβ(σ
′)
}
= Cαβ(σ, σ
′) ,
(3.30)
where the matrix Cαβ(σ, σ
′) is non-singular. Then the extended set of constraints Φα, Gα
consists the second class constraints. In fact, the consistency of the theory demands that
these constraints are preserved during the time-evolution of the system. Then the Hamil-
tonian equation of motion for Gα implies
d
dτ
Gα(σ) = ∂τGα(σ) + {Gα(σ),HT } ≈
≈ ∂τGα(σ) + {Gα(σ),H0}+
∫
dσ′(Cαβ(σ, σ′)ρβ(σ′)) = 0 .
(3.31)
Since Cαβ is nonsingular this equation determines ρ
α completely. In other words the gauge
symmetry is fixed. Note that after fixing the gauge the original Hamiltonian is strongly
zero.
As we have argued above all constraints form the collection of the second class con-
straints. According to the general theory of constraint systems the proper way how to deal
with them is to introduce the Dirac brackets. The Dirac bracket between two phase space
functions F,G takes the form
{
F (σ), G(σ′)
}
D
=
{
F (σ), G(σ′)
}−
−
∫
dσ′′dσ′′′
{
F (σ),ΦI(σ
′)
}
CIJ(σ′′, σ′′′)
{
ΦJ(σ
′′′), G(σ′)
}
,
(3.32)
– 10 –
where we have introduced following notation
Φ1 = T+ , Φ2 = T− , Φ3 = G+ , Φ4 = G− ,
Φ5 = π
λ
+ , Φ6 = G
λ
+ , Φ7 = π
λ
− , Φ8 = G
λ
− ,
Φ9 = πξ , Φ10 = Gξ , CIJ(σ, σ
′) =
{
ΦI(σ),ΦJ (σ
′)
}
,
(3.33)
and where in (3.32) the summation over I, J is understood. Note that CIJ is inverse of
CIJ ∫
dσ′′CIJ(σ, σ′′)CJK(σ′′, σ′) = δ(σ − σ′)δKI . (3.34)
It can be shown the the Dirac brackets of all constraints with any phase space functions
are zero. Consequently provided we use Dirac bracket instead of the Poisson bracket, the
second class constraint ΦI can be imposed even before any calculations [34, 35, 36]. We
can then explicitly solve these constraints ΦI leading to the set of coordinates zm that
parametrise reduced phase space that is equipped with the bracket structure induced by
Dirac bracket. Further, we should find the generator of the time evolution since when all
the gauge freedom is fixed the original Hamiltonian strongly vanishes.
The advantage of the gauge fixing is that we study the dynamics of the physical
degrees of freedom only. On the other hand it is not completely clear whether the gauge
fixing condition allows an existence of an infinite number of conserved charges that are in
involution. We postpone the discussion of this problem for future.
On the other hand let us consider an example of the partial gauge fixing that manifestly
preserves the integrability. To do this we introduce following gauge fixing condition
Gλ+ = λ
+ − f+ , Gλ− = λ− − f− , Gξ = ξ − 1 , (3.35)
where f+, f− generally depend on τ, σ. Note that there is still gauge freedom parametrised
by the Lagrange multipliers ρ±. Then (3.35) implies following non-zero matrix elements C
C65(σ, σ
′) = −C56(σ′, σ) = δ(σ − σ′) ,
C87(σ, σ
′) = −C87(σ′, σ) = δ(σ − σ′) ,
C9,10(σ, σ
′) = −C10,9(σ′, σ) = δ(σ − σ′) .
(3.36)
The requirement that the gauge fixing constraints (3.35) have to be preserved during the
time evolution determines following values of the Lagrange multipliers ρλ±, ρξ:
ρλ± = 0 , ρξ = 0 . (3.37)
Then the partially fixed Hamiltonian takes the form
H = H0 +
∫
dσ(ρ+Φ+ + ρ
−Φ−) =
=
∫
dσ
[
(f+ + ρ+)T+ + (f
− + ρ−)T−
]
.
(3.38)
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Let us now discuss the consequence of the gauge fixing (3.35) on the form of the current
algebra. Since we have not fixed ρ± we can again presume that ρ± depend on τ, σ only.
According to the general analysis we should calculate the Dirac bracket of the current alge-
bra. However it is easy to see from (3.35) that the Dirac bracket of the canonical variables
pM , x
N coincide with the Poisson bracket. Then the current algebra takes precisely the
same form as was determined in the previous section when we replace γαβ with correspond-
ing combinations of f± defined in (3.35). It is also clear that the Poisson bracket of the
Lax connection takes the same form as in (3.23). According to the discussion given in the
previous section this result ensures an integrability of the theory. In summary principal
chiral model with fixed world-sheet metric is integrable.
It is also important to stress that we have not fixed the gauge symmetry generated by
T±. Then the classical analysis should proceed along the standard treatment of the con-
straint systems. Explicitly, the constraints T± are imposed on the system after performing
all calculations. We also demand that the physical observables have vanishing Poisson
brackets with the generators of the gauge transformations on the constraint surface. The
equivalent requirement on the physical observables is that they commute with the BRST
generator corresponding to given gauge symmetries. In fact we have shown in our previ-
ous paper [2] that the monodromy matrix is BRST invariant. This result also implies an
existence of an infinite number of BRST invariant conserved charges.
4. Nambu-Gotto form of principal model
In this section we consider the Nambu-Gotto form of the principal model. It is clear that
this form of the string action arises from the Polyakov form of the action through the
integration of the world-sheet metric. On the other hand it is not completely clear whether
this procedure does not spoil integrability of the theory. For that reason we mean that it
is useful to study the integrability of this model as well.
The Nambu-Gotto principal chiral model action takes the form
S =
√
λ
2π
∫
dσdτL , L = −
√
− detA , (4.1)
where
Aαβ = KABJ
A
α J
B
β , Jα = g
−1∂αg = JAα TA . (4.2)
Let us now consider the variation of the group element g in the form
δg = g−1δX, δX = δXATA
that implies following variation of the current J
δJα = −δXJα + JαδX + ∂αδX , (4.3)
or explicitly
δJAα = J
B
α f
A
BCδX
C + ∂αδX
A . (4.4)
– 12 –
Then the variation of the action (4.1) under the variation (4.4) takes the form
2π√
λ
δSNG =
∫
dσdτ
1
2
δAαβ
(
A−1
)βα√− detA =
= −δXC
(
∂α[KCBJ
B
β
(
A−1
)βα√− detA]−
− fACBJBα KADJDβ
(
A−1
)βα√− detA) .
(4.5)
The last term in the expression above vanishes due to the antisymmetry of fCAB and sym-
metry of
(
A−1
)αβ
. If we now demand that the variation of the action vanishes for on-shell
configuration we obtain the equation of motion for JA in the form
∂α[J
A
β
(
A−1
)βα√− detA] = 0 . (4.6)
Let us now consider following current
Jˆσ(Λ) =
1
1− Λ2 [J
A
σ + Λ
(
A−1
)τα
JAα
√
− detA] ,
Jˆτ (Λ) =
1
1− Λ2 [J
A
τ − Λ
(
A−1
)σα
JAα
√
− detA] .
(4.7)
The components of the current given above obey the equation
∂τ Jˆ
A
σ − ∂σJˆAτ =
1
1− Λ2 [∂τJ
A
σ − ∂σJAτ +
+ Λ
(
∂τ [
(
A−1
)τα
JAα
√
− detA] + ∂σ[
(
A−1
)σα
JAα
√
− detA]
)
] =
= − 1
1− Λ2J
B
τ J
C
σ f
A
BC ,
(4.8)
where we have used the equation of motion (4.6) and the flatness of the current JAα . On
the other hand let us also calculate
JˆBτ Jˆ
C
σ f
A
BC =
1
(1− Λ2)2 [J
B
τ J
C
σ f
A
BC + ΛJ
B
τ J
C
σ f
A
BC
(
A−1
)τσ√− detA−
− Λ (A−1)στ JBτ JCσ fABC√− detA− Λ2 (A−1)σα JBα (A−1)τβ JCβ fABC√− detA] =
=
1
(1− Λ2)2 (1− Λ
2)JBτ J
C
σ f
A
BC
(4.9)
using the fact that
− Λ2 (A−1)σα JBα (A−1)τβ JCβ fABC(√− detA)2 = −Λ2JBτ JCσ fABC .
(4.10)
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If we collect (4.8) with (4.9) we obtain an important result
∂αJˆ
A
β − ∂β JˆAα + JˆBα JˆCβ fABC = 0 . (4.11)
In other words the components of the current (4.7) form the Lax connection and (4.11)
implies an integrability of the theory.
Now we proceed to the calculations of the Poisson brackets of the currents. As usual
we have to develop the Hamiltonian formalism for the model (4.1). As follows from the
form of the action (4.1) the momentum conjugate to xM takes the form
pM =
δS
δ∂τxM
= −
√
λ
2π
GMN∂αx
N
(
A−1
)ατ √− detA .
(4.12)
Then it is easy to determine the primary constraint of the theory
Φ0 =
π√
λ
pMG
MNpN +
√
λ
4π
∂σx
MGMN∂σx
N = 0 .
(4.13)
At the same time (4.12) implies the second primary constraint
Φ1 = pM∂σx
M = 0 . (4.14)
Since these constraints have exactly the same form as the constraints found in section (2)
it is clear that their time evolutions do not imply any secondary constraints. Moreover,
the original Hamiltonian density takes the form
H0 = pM∂τxM − L = 0 (4.15)
as we can expect from the fact that the Nambu-Gotto action is diffeomorphism invariant.
Then according to the general principles of the dynamics of the constraint systems [34, 35,
36] the total Hamiltonian density takes the form
HT = λ0Φ0 + λ1Φ1 . (4.16)
Then it follows that ∂τx
M is equal to
∂τx
M =
{
xM ,HT
}
= λ0
2π√
λ
GMNpN + λ
1∂σx
M . (4.17)
Using this result we express the current JAτ as a function of the canonical variables pM , x
M
JAτ = E
A
M∂τx
M = λ0
2π√
λ
KABENB pN + λ
1EAM∂σx
M . (4.18)
This form of the current is the same as the time component of the current given in (3.3) if
we perform an identification
λ0 = − 1√
γ˜γ˜ττ
, λ1 = − γ˜
τσ
γ˜ττ
. (4.19)
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Without lost of generality we can presume that the Lagrange multipliers λ0,1 do not depend
on the phase space variables and we obtain the Poisson brackets of the current in the form
{
JAσ (σ), J
B
σ (σ
′)
}
= 0 ,{
JAτ (σ), J
B
σ (σ
′)
}
= λ0
2π√
λ
[KAB∂σδ(σ − σ′) + JCσ fACDKDBδ(σ − σ′)] ,
{
JAτ (σ), J
B
τ (σ
′)
}
= λ0
2π√
λ
JCτ f
A
CDK
DBδ(σ − σ′)− λ1 2π√
λ
JCσ f
A
CDK
DBδ(σ − σ′) +
+
2π√
λ
(λ0(σ)λ1(σ′) + λ0(σ′)λ1(σ))KAB∂σδ(σ − σ′) .
(4.20)
Let us now proceed to the calculation of the Poisson bracket of the spatial component of
the Lax connection. Using (4.12) we can write it in the form
Jˆσ =
1
1− Λ2 [J
A
σ −
2π√
λ
ΓKABEMB pM ] .
(4.21)
Then with the help of the formula
{
JAσ (σ), pM (σ
′)
}
= EAM (σ)∂σδ(σ − σ′) + ∂σxN (σ)∂MEAN (σ)δ(σ − σ′) (4.22)
we obtain{
JˆAσ (Λ)(σ), Jˆ
B
σ (Γ)(σ
′)
}
= − Γ + Λ
(1− Γ2)(1− Λ2)
2π√
λ
KAB∂σδ(σ − σ′)−
− 2π√
λ
Γ + Λ
(1− Γ2)(1 − Λ2)J
C
σ f
A
CDK
DBδ(σ − σ′)− 2π√
λ
ΛΓ
(1− Λ2)(1 − Γ2)J
C
τ f
A
CDK
DBδ(σ − σ′)
(4.23)
that again can be rewritten in the more natural form
√
λ
2π
{
JˆAσ (σ,Λ), Jˆ
B
σ (σ
′,Γ)
}
= − K
AB(Γ + Λ)
(1− Λ2)(1− Γ2)∂σδ(σ − σ
′)−
− Γ
2
(1− Γ2)(Λ− Γ) Jˆ
C
σ (Λ)f
A
CDK
DBδ(σ − σ′)− Λ
2
(1− Λ2)(Λ− Γ) Jˆ
C
σ (Γ)f
A
CDK
DBδ(σ − σ′) .
(4.24)
Following the careful analysis given in [4] we can now argue that the action (4.1) is in-
tegrable and after appropriate regularisation it possesses an infinite number of conserved
charges that are in involution.
5. Conclusion
This short note was devoted to the calculation of the algebra of the current for principal
chiral model coupled to two dimensional gravity. We have determined the algebra of
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currents that depend on the world-sheet metric and on the gauge parameters. Then we
have calculated the Poisson bracket of the spatial component of the Lax connection and we
have shown that this result does not depend on the metric and gauge parameters. This fact
implies an existence of infinite number of gauge independent conserved charges that are in
involution. We have also shown that the same conclusions are valid for the Nambu-Gotto
form of the action.
The extension of this work is as follows. We mean that it is very interesting problem to
study the integrability of the bosonic string on AdS5 × S5 in the uniform light-cone gauge
[29, 30]. Even if it was shown in [14] that it is possible to define the Lax connection for the
gauge fixed form of the action as well, the calculation of the Poisson bracket of the spatial
component of the Lax connection has not been performed yet. We think that it would be
very useful to know whether the gauge fixed form of the action possesses infinite number
of the integrals of motions that are in involution. We hope to return to this problem in
future.
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